Firstly, a brief survey of the existing works on comparing and ranking any two interval numbers on the real line is presented, and then pointing out the drawbacks of these definitions, a new approach is proposed in the context of decision maker's (optimistic and pessimistic) point of view. Secondly, an interval technique is proposed to solve unconstrained multimodal optimization problems with continuous variables. In this proposed method, the search region is divided into two equal subregions successively and in each subregion, the lower and upper bounds of the objective function are computed with the help of interval arithmetic. Then, by comparing these two interval objective values and considering the subregion containing the better objective value, the global optimal value of the objective function or close to it is obtained. Finally, the proposed method is applied to solve several number of test problems of global optimization with lower as well as higher dimension and is compared with the existing methods with respect to the number of function evaluations.
of intervals. However, these order relations cannot find the ranking between two partially or fully overlapping intervals. After Moore [12] , Ishibuchi and Tanaka [9] suggested two order relations "≤ LR " and "≤ CW ." Recently, Levin [10] defined a remoteness function to compare two arbitrary intervals. However, this process for comparison is very much complicated to find out the best alternative. Then, Sevastjanov and Róg [16] proposed the same thing in probabilistic approach.
Decision-making is an important task to select the best alternative of some conflicting situations. It depends upon the uncertainty. There are two types of decisionmaking, namely, optimistic and pessimistic decision-making. For optimistic decisionmaking, the decision-maker selects the best alternative ignoring the uncertainty whereas for pessimistic case, the decision-maker selects the best alternative with less uncertainty.
The solution methodology is very much important factor for finding global optima of a multimodal multidimensional nonconvex non-linear continuous optimization problem with fixed coefficients. There are several deterministic and stochastic methods proposed for obtaining the global optima. These methods are available in Floudas et al. [6] and Hansen and Walster [7] . Ichida [8] developed an interval computing method to find out the global optima of the problems with fixed coefficients. In this interval computing method, the search domain is divided into two subregions and the lower and upper bounds of the objective function are estimated in each subregion. By rejection principle, one can reject one of the subregions. Continuing this process, one can find the global optima. There are different rejection principles for rejection of one subregion among two.
In this connection, one may refer to the works of Csendes [5] , Markót et al. [11] , Csallner et al. [4] , and Casado et al. [2] .
In this paper, we have studied the existing works on comparing and ranking of any two interval numbers. After pointing out the weakness of these definitions, a new approach is suggested in the context of decision maker's (optimistic and pessimistic) point of view. Secondly, an interval computing technique is proposed to solve nonlinear bound constrained (also known as the box constrained) optimization problems. In the interval computing technique, the original domain of variables is divided into two equal subregions successively and the lower and upper bounds of the objective function are computed in each subregion with the help of interval arithmetic. Now, by comparing these two interval objective values by the proposed order relations, and then considering the subregion containing the better objective value, one can always find out the global optimal value of the objective function or close to it in the form of an interval with negligible width. Finally, this method is tested on several test functions used in literature and is compared with the existing methods with respect to the number of function evaluations.
Finite interval arithmetic
where a L and a R are the left and right bounds, respectively, and R is the set of all real
numbers. An interval A can also be expressed in terms of center and radius as
where a C and a W are, respectively, the center and radius of the interval A, that is,
Actually, each real number can be regarded as an interval, such as, for all x ∈ R, x can be written as an interval [x, x], which has zero length.
Here, we will give the concise definitions of addition, subtraction, multiplication
The multiplication of an interval by a real number λ is defined as
The difference of two intervals A and B is
The product of two different intervals is
Hence the division of the interval B by the interval A can be defined as
Power of an interval. According to Hansen and Walster [7] , the definition of power of an interval is as follows:
(2.7)
Functions of intervals
Now, the definitions of exponential function, logarithmic function and bounded trigonometric functions will be given below.
Exponential function
Exponential function being monotonic over any interval, the exponential of an interval
Sine and cosine functions
The trigonometric functions sin(A) and cos(A) can be evaluated over any given interval A by evaluating the values of the functions at the end points and checking whether the interval contains a point or points where sin(A) and cos(A) can have extreme values.
where m is the integral part of a L /(π/2). The function cos([a L , a R ]) can be defined similarly.
Order relations of interval numbers
In this section, we will discuss the order relations for both maximization problems and minimization problems. Let A and B be two closed intervals. These two intervals may be one of the following three types.
Type 1. two intervals are disjoint.
Type 2. intervals are partially overlapping.
Type 3. one of the intervals contains the other one.
Order relations for minimization problems
For minimization problems, Ishibuchi and Tanaka [9] have defined the order relations of
way.
The order relations ≤ LR and ≤ CW are partial order, as they are reflexive, transitive and antisymmetric, and a decision maker will prefer either A or B in case of minimization problem.
Chanas and Kuchta [3] proposed the generalization of the above relations intro-
Recently, Sengupta and Pal [15] defined the ranking of two closed intervals in two different ways. In the first approach, they ordered the intervals introducing the acceptability function given below. According to Sengupta and Pal [15] , the acceptability index is only a value-based ranking index and it can be applied partially to select the best alternative from the pessimistic point of view of the decision maker. So, only the optimistic decision maker can use it completely.
In the second approach, Sengupta and Pal 
Order relations for maximization problems
Let the uncertain profits from two alternatives be represented by two closed intervals
It is also assumed that the profit of each alternative lies in the corresponding interval. Ishibuchi and Tanaka [9] defined the order relations for maximization problem as given below.
(ii)
(4.5)
However, Chanas and Kuchta [3] and Sengupta and Pal [15] did not give the definition separately for maximization problems.
As the existing definitions of order relations are not sufficient, we will define the order relations of two closed intervals in the context of decision-maker's point of view. Thus, we see that the order relations of a pair of intervals depend on the type of the problem as well as on the decision maker's point of view. So, we will define the order relations between the interval numbers according to the decision maker's point of view for both minimization and maximization problems.
Revised definitions for order relations of interval numbers
In this section, the order relations which represent the decision maker's point of view between interval costs/times for minimization problems and interval profits for maximization problems are defined. Let the uncertain costs/times or profits from two alternatives
Optimistic decision-making
In this case, the decision maker chooses the lowest cost/time for minimization problems and the highest profit for maximization problems ignoring the uncertainty.
Definition 5.1. For minimization problems, let us define the order relation ≤ o min be- 
According to this definition, the optimistic decision maker accepts A. Here also, the order relation ≥ o max is not symmetric.
Pessimistic decision-making
In this case, the decision maker expects the minimum costs/times for minimization problems and the maximum profit for maximization problems according to the principles "Less uncertainty is better than more uncertainty" or "More uncertainty is worse than less uncertainty." Definition 5.3. For minimization problems, let us define the order relation < p min be-
A < p min B ⇐⇒ a C < b C for Types 1 and 2 intervals,
However, for Type 3 intervals with a C < b C ∧ a W > b W a pessimistic decision cannot be taken. Here we will take the optimistic decision.
Definition 5.4. For maximization problems, let us define the order relation > p max bet-
A > p max B ⇐⇒ a C > b C for Types 1 and 2 intervals, (5.5)
However, for Type 3 intervals with a C > b C ∧ a W > b W pessimistic decision cannot be taken. Here we also take the optimistic decision.
From Definitions 5.3(ii) and 5.4(ii) and their complementary cases, it is observed that
A < B =⇒ a C < b C for Type 3 intervals.
Therefore, in case of pessimistic decision-making we may consider the following definition for order relations of two closed intervals for all types of intervals, namely, Types 1, 2, and 3:
The equality sign will hold if and only if a L = b L and a W = b W .
Solution procedures of optimization problems
Let us consider an unconstrained optimization (maximization or minimization) problem with fixed coefficients as follows:
where n represents the number of variables, x j is the jth variable whose prescribed upper and lower bounds are l j and u j , respectively. Hence, the search region of the above problem is as follows:
Interval methodology
The prescribed domain is defined as
Then, D can be divided into two subregions R 1 and R 2 with respect to the variable x k (k = 1, 2, . . . , n) defined as follows: in R k , calculated by applying interval arithmetic. Then comparing F(R 1 ) and F(R 2 ), the subregion either R 1 or R 2 that contains the better objective value, is accepted. This process for each subregion is repeated till the domain of each variable reduces to an interval with negligible width. Finally, the global optimal value or close to the optimal value of the given objective function has been obtained. For the entire process, Algorithm 6.1 is developed for minimization/maximization problems.
Algorithm 6.1
Step 1. Initialize the number of variables n.
Step 2. Initialize the lower and upper bounds l j and u j (j = 1, 2, . . . , n) of the variables.
Step 3. Compute the widths ε j = u j − l j ; j = 1, 2, . . . , n.
Step 4. If ε j < a, a preassigned very small positive number, then go to Step (7); otherwise go to the next step.
Step 5. (i) Divide the accepted subregion or region X into two other smaller distinct sub-
(ii) Applying interval arithmetic, compute the interval value
of the objective function in the subregions R 1 and R 2 , respectively.
(iii) Select the subregion R 1 or R 2 as the new search region which contains the better objective function value by comparing F(R 1 ) and F(R 2 ) with the help of pessimistic order relations between two intervals defined in Definitions 5.3 and 5.4 for minimization and maximization problems, respectively.
Step 6. Go to Step 3.
Step 7. Print the values of the variables and the objective function in the form of intervals.
Step 8. Stop.
Numerical examples
Numerical experiments have been carried out to test the performance of the proposed approach described in this paper. A number of well-known test functions have been selected from the literature. Problems 1-3 and 6-16 are taken from Casado et al. [2] , problems 4 and 5 from Ratz [13] , problems 17 and 22 from Salhi and Queen [14] . These test functions have different features like convex/nonconvex, continuous, unimodal/multimodal and low/high dimension. Solving these test problems, the global optimal solution or an approximation of it have been obtained by applying Algorithm 6.1. The test problems with their results have been given in the appendix with corresponding number of function evaluation and evaluation time in Table 7 .1 with error tolerance ε = 10 −8 . The approach for computing the best-found value in each subregion of a given search region of the test problem has been coded in C++ programming language and implemented on a Pentium 4 PC, 3.0 GHz with 1 GB RAM in LINUX environment.
Concluding remarks
In this paper, we have presented a new method dependent on interval computing technique to solve the unconstrained optimization problems. The basis of the proposed method is the comparison of intervals according to the decision maker's point of view.
The definitions of bounded trigonometric functions (like, sine and cosine) of an interval are given. From the numerical experiments, it has been observed that the proposed method possesses the merits of global exploration, fast convergence, and it can find the optimal or close-to-optimal solutions. However, for some cases, the interval computing technique, which has been applied for finding the best value in each subregion, gives the 
Appendix

List of test functions
Single variable functions (4)
one global minimum: x * ∈ [1.000000, 1.000000], f * ∈ [1.000000, 1.000000].
(5)
one global minimum:
one global minimum: x * ∈ [1.000000, 1.000000], f * ∈ [0.000000, 0.000000]. (10) 
